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1. Introduction 

In this paper we compute characters of certain irreducible representations of 
loop groups based on non simply connected Lie groups. Apart from a general 
representation theoretic interest, our motivation to study these characters comes 
from the fact that they appear naturally in the theory of moduli spaces of semistable 
principal bundles over elliptic curves. 

The characters of highest weight representations of loop groups based on simply 
connected Lie groups are well understood due to the Kac-Weyl character formula: 
Let G be a simply connected complex Lie group whose Lie algebra is simple. We 
denote by L(G) the group of holomorphic maps from C* to G. This group possesses 
a universal central extension L(G) which, viewed as a manifold, is a non-trivial C*- 
bundle over L(G). The natural multiplicative action of C* on L(G) lifts uniquely to 
an action of C* on L(G ) by group automorphisms. Let V be an irreducible highest 
weight representation of L(G). Such a representation extends to a representation 
of the semidirect product L(G) x C*. One can show that for any q with |qj < 1, 
the element (g, q) £ L(G) x C* viewed as an operator on V extends to a trace class 
operator on the Hilbert space completion of V. So one can define the character 
Xv of V at a point (g,q) with |qj < 1 as the trace of the operator (g,q). This 
defines a holomorphic and conjugacy-invariant function on the space L(G) x D*, 
where D* denotes the punctured unit disk in C. The Kac-Weyl character formula 
gives an explicit formula for the character \v restricted to a certain family of tori 
in L(G ) x D* in terms of theta functions. This is enough to describe the character 
completely since almost every conjugacy class in L(G) x D* intersects this family 
of tori. 

If the group G is not simply connected, the loop group L(G) consists of several 
connected components which are labeled by the fundamental group of G. In this 
case, central extensions of L(G) have been constructed in P. We will review 
this construction in section |2] Let L(G) denote such a central extension. The 
natural action of C* on L(G) does not lift to L(G). Instead, a finite covering C* of 
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C* acts on L(G) covering the natural C*-action on L(G). So similar to the simply 
connected case, we can consider the semidirect product L(G) x C*. We are interested 
in representations of L{G) x C* which, restricted to the connected component of 
L(G)xC* containing the identity, decompose into a direct sum of irreducible highest 
weight representations. These representations have been classified in |T|. Let V 
be such a representation. For q G C*, let q denote the image under the natural 
projection C* —> C*. As in the simply connected case, one shows that any (g,q) G 
L{G) x C* with |g| < 1 extends to a trace class operator on the Hilbert space 
completion of V. Thus, one can define the character \V of the representation V 
exactly as in the simply connected case. 

The main goal of this paper is to give an explicit formula for the character \v 
restricted to the connected components of L{G) x C* which do not contain the 
identity element. This gives a generalization of the Kac-Weyl character formula. 
While the usual approach to the Kac-Weyl formula is rather algebraic, we work 
in a completely geometric setting. In particular, we identify the characters with 
sections in certain line bundles over an Abelian variety. To do this, we have to realize 
the set of semisimple conjugacy classes in a connected component of L{G) x D* 
as the total space of a line bundle over a family of Abelian varieties over D*. 
Then we show that the characters have to satisfy a certain differential equation. 
In the simply connected case, the differential equation has been derived in IEKI . 
Our main step is a generalization of this equation to the non-simply connected 
case. Finally, we use the differential equation to obtain an explicit formula for the 
character \v- In the simply connected case, this gives an easy proof of the Kac- 
Weyl character formula which is similar to Weyl’s original proof of his character 
formula for compact Lie groups. In the non-simply connected case, we obtain 
a formula for the characters which very much resembles the Kac-Weyl character 
formula (Theorem 15 . 51 ) . The main difference is that the character restricted to a 
connected component of L[G ) x C* not containing the identity is not governed by 
the root system A of the the Lie algebra of L{G) x C* but by a new root system 
A„ c which can be obtained from A by a ’’folding” process. It is interesting to 
note that the Lie algebra corresponding to root system A CTc can, in general, not be 
realized as a subalgebra of the affine Lie algebra corresponding to A. In this way, 
the situation resembles the case of characters of irreducible representations of non- 
connected compact Lie groups m- Also, Fuchs et al. IFTTRI . ESSI have obtained 
similar results calculating the characters of representations of Kac-Moody algebras 
twisted by outer automorphisms. These so called ’’twining characters” appear in a 
conjecture concerning Verlinde formulas for non-simply connected Lie groups m- 

Our main motivation for the study of characters of irreducible representations 
of loop groups based on non simply connected Lie groups comes from the theory of 
moduli spaces of semistable G'-bundles on elliptic curves. For a given group G and 
an elliptic curve E q = C*/q z with q G D*, the moduli space of semistable G-bundles 
over E q consists of several connected components which are labeled by the elements 
of the fundamental group of G. The knowledge of the characters of L(G ) x C* allows 
to construct an analogue of a Steinberg cross section in each connected component 
of L(G) x {q} for any q G C* such that q G D* (see e.g. m for the construction 
of a Steinberg cross section in loop groups based on simply connected Lie groups 
and Jm] for the case of non-connected semisimple algebraic groups). It turns out 
that there is a natural action of C* on this cross section, and that the space of 
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orbits of this action is isomorphic to the connected component of the moduli space 
of semistable G-bundles on E q which corresponds to a connected component of 
L{G) x {g|. On the other hand, by construction, the cross section can be identified 
with an affine space C r and the C*-action becomes linear in this identification. So 
the approach outlined above gives a new proof of a result of Friedman and Morgan 
lFM2| which states that each component of the moduli space is isomorphic to a 
weighted projective space. These ideas will be published elsewhere. 

The organization of this paper is as follows. In section^ we review the construc¬ 
tion of central extensions L(G) of loop groups L(G) based on non simply connected 
Lie groups G and describe their representation theory. In section 0 we study cer¬ 
tain conjugacy classes in these groups. In sectionQJwe identify the characters of the 
representations of L(G) introduced in section [3 with sections of a line bundle over 
a family of Abelian varieties and deduce a differential equation for these sections. 
Finally, in sectional we put everything together and deduce an explicit formula for 
the characters. In particular, in 15.41 we describe how the ” folded” root system A ac 
appears for these characters. In the appendix we list the root systems A ac together 
with some other data corresponding to non simply connected Lie groups. 

2. Affine Lie groups and algebras 

2.1. Affine Lie algebras. We begin by recalling some facts from the theory of 
affine Lie algebras. Let g be a complex finite dimensional simple Lie algebra and 
let b C g be a Cartan subalgebra. We denote the root system of 0 with respect to 
h by A and let fiR C b be the real vector space spanned by the co-roots of 0 . 

The loop algebra L(g) of 0 is the Lie algebra of holomorphic maps from C* to 
0 . The (untwisted) affine Lie algebra corresponding to 0 is a certain extension of 
L(g). Let us fix some k £ C and consider the Lie algebra L k (g) = Lg © CC ® CD , 
where the Lie bracket on L k (g) is given by 

[C, x{z)\ = [C, D} = 0, [D, x(z)] = z-^x(z), 

and 

[x(z),y(z)] = [x,y](z) + J {^x{z),y{z))dz ■ C 

Here \x,y\(z) denotes the pointwise commutator of x and y, and (.,.) is the nor¬ 
malized invariant bilinear form on 0 (i.e. the Killing form on 0 normalized in such 
a way that (a, a) = 2 for the long roots a of 0 ). Note that the Lie algebras L k {g) 
are isomorphic for all fc / 0. However, for different k they define non-equivalent 
central extensions of L(g) © CD. For k = 1, we usually omit the k and denote the 
corresponding Lie algebra simply by L(g). 

If 0 is simple, the subalgebra L( 0 ) po i = 0 © C[z, z _1 ] © CC © CD C L(g) of 
polynomial loops is an untwisted affine Lie algebra in the sense of EL and L(g) 
can be viewed as a certain completion of it (see 10\\j ). The Lie algebra L( 0 ) po i 
has a root space decomposition in the following sense: Set fi = f) © CC © CD and 
choose an element <5 £ (f)R © RG © R D)* dual to D. Then the root system A of 
L( 0 ) P oi is given by 

A = {a + nS | a G A, n G Z} U {?r<5 | n G Z \ 0} 
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and we can write 

L(g) P oi = f) © (J) £( 0)5 

seA 

with L(g)a = Qa® z n if 5 = a + nS, and ga = f) <8 z n if a = nS. 

The set A is an affine root system. Let II = (oi,... a;} be a basis of A and 
let 9 denote the highest root of A with respect to this basis. Then we can define 
II = {cuo = 5 — 6, a 1 ,..., ai}, which is a basis of A. The Dynkin diagram of A is 
defined in the usual sense and it turns out that it is the extended Dynkin diagram 
corresponding to A (see (Kj). The affine root system A decomposes into 

A = A + U A_ , 

where the set A + of positive roots is given by 

A + = A + U {a + nS \ a € A U {0}, n > 0} , 

and A_ = — A+. 

By definition, the set of real roots of L(g) is the set 
A re = {a + n5\aeA}cA, 

and the set of positive real roots is given by A" = A re n A + . 

Sometimes we will need to consider twisted affine Lie algebras. If the finite 
dimensional Lie algebra g admits an outer automorphism a of finite order ord(<r) = 
r, one can define the twisted loop algebra 

L( 0, <r) = {X € L(g) | a(X(z)) = X(e^z)} . 

The corresponding affine Lie algebra L(g, a) is constructed in a similar manner as 
the untwisted algebra. It has a root space decomposition which is only slightly 
more complicated than in the untwisted case (see e.g. fKl). 

2.2. Loop groups and affine Lie groups. Let G be a complex simply connected 
semisimple Lie group with Lie algebra g and suppose that g is simple. The loop 
group L(G) of G is the group of holomorphic maps from C* to G with pointwise 
multiplication. This is a Lie group with Lie algebra L(g). Let L{G) denote the 
universal central extension of L(G). The central extension L(G) can be defined via 
the embedding of L(G) into the “differentiable loop” group studied by Pressley and 
Segal IP SI . Topologically, L(G) is a non-trivial holomorphic principal C*~bundle 
over L(G). In fact, there exists a central extension L k (G) of L(G) for each k G N. 
The group L k (G) is called the level k central extension of L(G). Its Lie algebra 
is given by L k (g) = L k (g)/CD. The universal central extension is just the level 1 
extension of L(G ). The group C* acts naturally on L(G) by (q o g)(z) = g(q~ 1 z) 
and we can consider the semidirect product L(G) x C*. There is a C*-action on 
L k (G) which covers the C*-action on LG, and we denote the semidirect product 
L k (G) x C* by L k (G). Its Lie algebra is the affine Lie algebra L k { g) described in 
the last section 

Now assume that G is of the form G = G/Z, where G is simply connected and 
simple, and Z C G is a subgroup of the center of G. Since the group Z may be 
identified with the fundamental group of G , the loop group L{G) consists of |Z| 
connected components. In particular, the connected component of L(G ) containing 
the identity element is isomorphic to L(G)/Z. We shall now indicate, following 
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Toledano Laredo P, how to construct certain central extensions of L(G). We 
will first consider the group Lz{G ) of holomorphic maps g : C —> G such that 
g{t)g(t + 1) _1 G Z. Identifying the variable z with e 27 ” 4 , we see that the group 
L[G ) is isomorphic to Lz{G)/Z. Furthermore, the connected component of Lz{G) 
containing the identity element is isomorphic to L(G). 

The goal is to construct all central extensions of Lz(G) and then see which 
of these extensions are pullbacks of central extensions of L{G). To this end, let 
T C G and T = T/Z C G denote maximal tori of G and G , and let A(T) = 
Hom a \g grp(C*, T) and A(T) = Hom a i g grp (C*, T) denote the respective co-character 
lattices. Then A(T)/A(T) = Z. The lattice A(T) can be identified with a subgroup 
of Lz{G) by viewing it as a lattice in f)® C f) and identifying an element (3 G A (T) 
with the ’’open loop” t i—> exp(27r it(3). We can define a subgroup N C L(G ) x A(T) 
via 

N = {{ A, A" 1 ) | A G A(T)}. 

Then we have 

Lz(G) = [l{G) x A(T)^ /N. 

Choose a central extension A (T) of the lattice A(T) by C*. Any such central 
extension is uniquely determined by a skew-symmetric Z-bilinear form (the com¬ 
mutator map) uj on A (T) which is defined by 

uj(X, g) = \ji\- pr 1 . 

Here, A and (x are arbitrary lifts of A, g £ A(T) to A(T). Let L k (G) be the central 
extension of L{G) of level k. Suppose that A(T) is a central extension of A(T) such 
that its commutator map satisfies 

(1) w(A, n) = for all A G A(f) and g G A(T). 

Then one can construct a central extension of Lz{G) as follows: The group A(T) C 
Lz{G) acts on L(G) by conjugation. This action uniquely lifts to an action of 
A(T) on the central extension L k (G). We can consider the semidirect product 
L k (G) x A (T), where the action of A(T) on L k (G) factors through the action of 
A(T). Now, the lattice A(T) is a subgroup of L{G ) so that the restriction of the 
central extension of L(G ) to this lattice yields a central extension A(T) of A(T). 
On the other hand, we can restrict the central extension A(T) of A(T) to the 
sublattice A(T). The compatibility condition of equation Q implies in particular 
that u)( A, /x) = (—l) fc <-VM> f or a n g G A (T). This implies that the two extensions 
of A (T) are equivalent ( jP'Sj . Proposition 4.8.1). We may therefore consider the 
subgroup 

N = {(A, A -1 ) | A G A(f)} C L k (G) x A(T) . 

Now, using the full compatibility condition m, one can check (HI, Proposition 
3.3.1) that is a normal subgroup in L k (G ) x A(T) . Therefore, the quotient 

(2) L k z (G) = ( L k (G ) x A(T)) /N 
is a central extension of Lz{G). 

We then have the following theorem (HI. Theorem 3.2.1 and Proposition 3.3.1). 
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Theorem 2.1. Every central extension of Lz{G ) is uniquely determined by the 
level k of the corresponding central extension of L(G ) and by a commutator map 
lo defining a central extension of A(T) which satisfies the compatibility condition of 
equation W- The corresponding central extension of Lz{G) is the one described in 
equation m- 

Remark 2.2. Note that Theorem rm restricts the possible levels at which central 
extensions of Lz{G) can exist. For example, L^_ id ^{SL{ 2,C)) does not posses any 
central extensions of odd level. Indeed, we have A (T) = aZ and A(T) = |-Z 
with (a, a) = 2. Now, for odd level, the compatibility requirement of equation 0 
requires tv (a, {}) = —1 which is in contradiction to bilinearity and skew-symmetry 
of w. 

Definition 2.3. Let kf be the smallest level at which a central extension on Lz(G ) 
exists. This kf is called the fundamental level of G. Let kb be the smallest positive 
integer such that the restriction of kb (•,•) to A(T) is integral, kb is called the 
fundamental level of G. 

Obviously, for the fundamental level one has kf £ {1,2}. One can show (|TJ) 
that the basic level of G is always a multiple of the fundamental level of G. The 
fundamental and basic levels of the simple Lie groups are computed in P. We list 
the basic levels in the appendix of this paper. Finally, we have (HI. Proposition 
3.5.1): 

Proposition 2.4. A central extension of Lz{G) is a pull-back of a central extension 
of L(G) only if its level k is a multiple of the basic level kb of G. Conversely, ifkb\k, 
the subgroup Z C L k z (G) corresponding to the canonical embedding G L k z (G ) is 
central and we have 

L k (G)^n*(L k z (G)/Z) . 

Let us fix a commutator map to satisfying the compatibility requirement from 
equation 0 for the rest of this paper 

From now on let us assume that Z = (c) is a cyclic group. The group C acts natu¬ 
rally on Lz{G) by translations. This action factors through an action of C/ord(c)Z. 
We view C/ord(c)Z as an ord(c)-fold covering of C/Z = C*, which we denote by 
C*. Thus, we can define the semidirect product Lz{G) xi C*. The action of C* 
on Lz(G) described above lifts to any central extension of L Z (G) of Lz(G) (jTJ, 
Proposition 3.4.1). So we can define the group L Z (G ) = L Z (G) x C*. Furthermore, 
if the level k of the central extension L k z {G ) is a multiple of the basic level kb of G , 
the group Z = (c) is a central subgroup of Lz(G) and we can define 

L k (G) = L k (G)/Z . 

Finally, note that C* acts naturally on the loop group L(G). However, contrary 
to the simply connected case, this action does not necessarily lift to all central 
extensions of L{G). In fact, we have (|T), 3.5. 10) 

Proposition 2.5. The rotation action of C* on L(G) lifts to a central extension 
of L(G) of level k if and only if k(\, A) £ 2Z for all A £ A (T), i.e. if A(T) endowed 
with k(-, ■) is an even lattice. 
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2.3. The adjoint action of L k (G) on its Lie algebra. Suppose as before that 
G = G/Z where G is simply connected, and Z = (c) is a cyclic subgroup of the 
center of G. Consider the centrally extended loop group L Z (G) = L Z (G) x (C* 
introduced in the last section. Since the center of any Lie group acts trivially in the 
adjoint representation, the adjoint action of L k z {G) on its Lie algebra L fc (g) factors 
through Lz(G) x C*. The C*-part acts by translations, so the only interesting part 
is the action of Lz(G). Let ( be an element of Lz{G). Then the adjoint action of 
C, on L fc (g) i s given by (JTJ Corollary 3.4.2, jPS| ) 

(3) Ad(C) :X + aC + bD>->(;X(- 1 - 7 ^r(C 1 + 

Z7TI 

( a + ^~f o ( x W>C _1 (*)CW)d* 

kh r 1 

-^2 J o (C 1 (t)C{t),C 1 (t)t(t))dt)G + bD . 

Here, X is an element of the loop algebra L(g), and ( denotes the derivative of ( 
with respect to t. Finally, as before, we have identified C* with C/Z by identifying 
the coordinate z with e l7Tlt . 

We are interested in the action of a specific element of a c £ Lz{G) which is the 
product (' c w c of an “open loop” £ c and an element w c £ G which are defined as 
follows. As before, let 6 denote the highest root of g. The set of elements at £ n 
which have coefficient rrij = 1 in the expansion 0 = m i a j can be identified 

with the non-trivial elements of the center of G. Indeed, let {Ay} C t) be the dual 
basis corresponding to n C f)*. Then the condition rrij = 1 implies that exp(2mXj) 
is an element of the center of G. 

Let a c denote the root a which is identified with the generator c of Z in this 
identification and let A c £ b denote the corresponding fundamental weight of g. 
There exists a unique element w c £ W which permutes the set nu {— 6} and maps 
—9 to a c (see HI, Proposition 4.1.2). Furthermore, let {e a \ a £ A + } be a Chevalley 
basis of the Borel subalgebra nCg. Then we can choose a representative w c of w c 
in N(T ) such that w c (e a ) = e Wc ( a ) for all a £ n. From now on, we will denote 
both the Weyl group element w c as well as its representative w c £ Na(T) simply 
by w c . Finally, we can define an “open loop” C, c in G via C, c (t) = exp(27ritA c ). Now, 
the element a c is defined as 

a c = C~ 1 w c . 

The action of <j c on L k ( g) can be described explicitly in terms of the root space 
decomposition: To each root a of g choose a co-root h a £ !)• Set h ao = h-o + kC. 
Since (A c , a c ) = 1 and (A c , a) = 0 for all a £ n with a / a c , we find that the ation 
of (J c on 1) is given by 

D^D + \ c ~^\\\ c \\ 2 C, 

hao ha c , h w - i(_g) h ao , and 

h ai | —> h Wc ( ai ) for all other i. 

A set of generators for L(g) po i is given by the set {ea, /a | a £ n} with ea* = e ai (g)l 
for 1 < i < l and ea 0 = e ~9 Z> z, and accordingly = f ai ® 1 for 1 < i < l and 
fa 0 = f-e ®z~ 1 . It is straight forward to check that a c permutes the according 
to its action on n and similarly for the /a ; . 
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2.4. Integrable representations and characters. As before, let 9 denote the 
highest root of 0 and fix some non-negative integer k £ Z>o- Let P+ be the set of 
dominant weights of 0 with respect to II, and let P+ denote the set of A £ P + such 
that (A, 0) < k. To each pair (A ,k) with A £ P+, we can associate an irreducible 
highest weight module V\ t k of L( 0 ) po i such that the center of 0 acts as the scalar k 
(see (Kl). Letting D act on the highest weight vector of 14 ,k as an arbitrary scalar 
uniquely determines an irreducible highest weight representation of L( 0 ) po i- We 
will denote by 14, k the highest weight representation of L( 0 ) po i such that D acts 
trivially on the highest weight vector. 

It was shown by H. Garland m that 14,fc admits a positive definite Hermitian 
form (.,.) which is contravariant with respect to the anti-linear Cartan involution 
on L( 0 ) pol - Let us denote by Vf s k the L 2 -completion of 14, k with respect to this 
norm defined by the Hermitian form. That is, if {cAfe/ii}ie/(A) is an orthonormal 
basis of the weight subspace I 4 ,fc[/fc] of 14 ,fc, then 

v \ ,fc = I M 2 < °°}' 

AM AM 

Analogously, we define the analytic completion of 14,fc to be the space 
14“fc = { a A v Afc/:« I there exists a 0 < q < 1 s.t. a /i?: = O ( 'q , p -> ooj, 

fi,i 

where D{ji) denotes the (non-positive) degree of the weight p in the homogeneous 
grading. By definition, Vf s k is a Hilbert space and V£ k is a dense subspace in it. It 
is known MHWi . EES), that the action of L( 0 ) po i on 14 ,fc extends by continuity 
to an action of L( 0 ) on V£ k , but not to an action on V£ s k . 

We now turn to the representation theory of the affine Lie groups. We first 
consider the case that the corresponding finite dimensional Lie group is simply 
connected. In this case, the following result is known (see e.g. lEFlv| . Theorem 2.2 
and Lemma 2.3). 

Theorem 2.6. 

(i) The action of the Lie algebra L(q) on V£ k uniquely integrates to an action 

of L{G). 

(ii) For any q £ C* with \q\ < 1 and any g £ L{G), the operator gq~ D : Vfff. —> 
Vx'k uniquely extends to a trace class operator on 

Let q £ C* and denote by L(G) q the subset of L(G) of elements of the form ( g , q) 
with g £ L(G). This subset is invariant under conjugation in L(G). Furthermore, 
let us introduce the semigroup L(G)<i = U| g |<iL(G) g . As a manifold, L(G)<i is 
isomorphic to L(G) x D *, where D* denotes the punctured unit disk in C. Since 
any element in L(G)<i extends to a trace class operator on we can introduce 
functions \\,k '■ L(G) < i —> C via 

X\,k(g,q) = Tr\ V an( gq - D ). 

The function xx ,fc is the character of the module 14,fc- 

Proposition 2.7 ( lEFKj . Lemma 2.4, Proposition 2.5). The functions Xx.k ore 
holomorphic and conjugacy invariant. 
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By definition, the central element C of L(g) acts on Vff. by scalar multiplication 
with k. Therefore, if i : C* —> L(G ) denotes the identification of C* with the center 
of L{G), we have Xa ,k{t-{u)g) = u k x\,k{g) for all u G C*. 

Now let G = G/Z be non simply connected and let us fix once and for all a 
central extension Lz(G ) of Lz(G) of level kf. Suppose that V is an irreducible 
representation of Lz(G) of level k. Then k is necessarily a multiple of kf. Re¬ 
stricting this representation to the connected component of Lz{G) containing the 
identity element yields a level k representation of L(G). We shall always assume 
that we can decompose V as 

(4) 0 Vx7 

A eicPf 

as a representation of L(G). Such representations are called negative energy repre¬ 
sentations of Lz(G). 

Remember the automorphism a c introduced in the last section. As we have seen, 
fj c acts as an automorphism of the Dynkin diagram of T(g) po i- So, a c permutes 
the set Pjf of level ^-representations of L(g) po i- The following Theorem is essen¬ 
tially Theorem 6.1 and Corollary 7.3. of m (note that m deals with projective 
representations). 

Theorem 2.8. Let k be a multiple of the fundamental level of G. To each a c -orbit 
I C P k there exist ord(c)/|/| different irreducible negative energy representations 
of Lz(G) which, restricted to a representation of L(G ) decompose according to 
equation 0- 

A representation Vi t k of Lz(G) factors through a representation of L kb [G) if and 
only if the level k is a multiple of the basic level kb of G and Z acts trivially on 

Vi, k . 

Suppose that the er c -orbit / consists of a single element A. Then a c acts on 
the highest weight subspace V\ [A] . Since VjJA] is one-dimensional, a c acts by a 
scalar. From now on, we shall assume that u c acts as the identity on Va[A]. This 
determines the L^(G)-module Vj t k corresponding to / and k uniquely. 

Finally, letting D act trivially on all highest weight vectors i>A,fc G we can 
extend the representation Vr.k of Lz{G) to a representation of Lz(G) = Lz(G) xi C* 
which factors through a representation of L{G) if Z acts trivially on Vjj. and kb\k. 
(Recall that C* denotes the ord(c)-fold covering of C* which acts on Lz(G ) covering 
the natural C*-action on Lz{G)). For any g G C*, let us denote by q its image 
under the natural projection C* —> C*. 

It is easy to see that a c acts as a unitary operator in So we have 

Corollary 2.9. Let k be a multiple of kf (resp. kb). For any q G C* with |qj < 1 
and any g G Lz(G) (resp. g G L{G)), the operator gq~ D : Vf™ —> Vf'f uniquely 
extends to a trace class operator on Vf)[ = ©a ei V x% 

As before, we can compute the traces of the trace class operators. Abusing 
terminology slightly, we define the functions 

XiAg,q~ D ) = Tr\ Vl ^(gq~ D ) 
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on L Z (G) < i resp. L(G)< 1 not distinguishing the different spaces they are defined 
on. (The semi groups Lz{G) < 1 and L(G)< 1 are defined analogously to the simply 
connected case). Finally, again using the fact that oy acts as a unitary operator on 
Vf%, we get 

Corollary 2.10. The functions xi,k are holomorphic and conjugacy invariant. 

The main goal of this paper is to compute the functions xi,k explicitly which 
will yield a generalization of the Kac-Weyl character formula. This will be done 
in section IQ1 Here, we state a trivial observation: The character \i,k restricted 
to the component of L Z (G) < \ containing the element (e,q) is just the sum of the 
characters \i,k = Y^xei XA,fc °f the characters xx ,fc of L(G) considered above. On 
the other hand, cr c permutes the highest weight vectors of the representations Vyfc 
with A £ I. So if the ay-orbit I consists of more that one element, the function Xi,k 
restricted to the connected component of L Z {G) < \ containing the element (ay,q) 
vanishes. 


3. Conjugacy classes 

3.1. Conjugacy classes and principal bundles. Since the characters \i,k are 
conjugacy invariant functions on L k (G) q , it is necessary to have a good under¬ 
standing of the conjugacy classes in L k {G) q in order to understand the characters. 
The fundamental result in this direction is an observation due to E. Looijenga 
which gives a one-to-one correspondence between the L(G)-conjugacy classes in 
L(G) x { 5 } C L(G) x C* and the isomorphism classes of holomorphic principal 
G-bundles over the elliptic curve E q = C*/q z . To be more precise, let G = G/Z , as 
above. Then, up to G°°-isomorphism, every principal G-bundle over E q is deter¬ 
mined by its topological class, which is an element in 7 Ti(G) = Z. We can classify 
holomorphic principal G-bundles of a fixed topological class c as follows. Consider 
the connected component L{G) C of the loop group L(G) which corresponds to c. 
The group L(G ) x C* acts on the set L(G) C x {q} C L{G) x C* by conjugation. 
Looijenga’s observation gives a one-to-one correspondence between the set of holo¬ 
morphic G-bundles on E q of topological type c and the set of L{G ) x {l}-orbits 
in L{G) C x {q}. This correspondence comes about as follows. For any element 
( 3 , q) G L(G) C x {q} consider the G-bundle B g over E q which is defined as follows. 
View E q as the annulus \q\ < \z\ < 1 in the complex plane with the boundaries 
identified via z qz. Then take the trivial bundle over the annulus and define 
the bundle B g over E q by describing the gluing map which identifies the fibers over 
the points identified under z 1 —> qz. This is given by f{qz) = g(z)f(z ), where / 
takes values in G. Obviously, this construction gives a holomorphic G-bundle of 
topological type c and the following theorem which is due to E. Loojienga is not 
hard to prove (see e.g. EE!). 

Theorem 3.1. 

(i) Two elements ( 31 , q ), ( 32 , q) G L{G) C x {q} are conjugate under L{G) x {1} 
if and only if the corresponding holomorphic G-bundles B gi and B g2 are 
isomorphic. 

(ii) For any holomorphic G-bundle over E q of topological type c, there exists an 
element 3 G L(G) C such that B = B g . 
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Following }FFK| . we call an L{G ) x {l}-orbit in L[G) C x {q} semisimple if the 
corresponding principal G-bundle over E q comes from a representation of the fun¬ 
damental group of E q inside a maximal compact subgroup of G. We call an element 
(q,q) £ L(G) x {q} semisimple if the corresponding L(G) x {l}-orbit is semisim¬ 
ple. It is known that almost every conjugacy class is semisimple. To be more 
precise, if {Bt}teT is a holomorphic family of holomorphic principal bundles on E q 
parametrized by a complex space T, then the set subset 7o of bundles which are 
flat and unitary is nonempty and Zariski open in T (see El)- 

3.2. The simply connected case. The set of semisimple L(G) x {l}-orbits in 
L(G) C x {q} can be described more explicitly. We start with the case that G 
is simply connected (the non-simply connected case will be considered in section 
liOl) . The affine Weyl group W = W x A (T) can be identified with the group 
A^l(G)x x C*)/(T x C*) where C*(T x C*) denotes the normalizer of 

T x C* in L(G) x C* (see |PS| j. In this sense, W is the Weyl group of L(G). It acts 
on the torus T x C* via (w,/3) : (£, q) i—> (w(£)q - ^, q). The following proposition 
follows from the definition of semisimplicity and the classification of stable and 
unitary G-bundles over E q ( jEFj . IfmTI V 

Proposition 3.2. Let G be simply connected. Every semisimple element in L(G ) x 
{q} is L{G) x {1} -conjugate to an element of the form (£,q) with £ £ T. Two 
elements (£i,q) and (£ 2 , 9 ) with £ 1,^2 € T are conjugate if and only if they are in 
the same orbit under the action of the affine Weyl group W on T x C*. 

Remark 3.3. We have T = (C*) r for some r £ N. The set T/q is an Abelian 
variety isomorphic to the product E q ®z A (T) and there is a natural action of W 
on E q A(T). In this way, the set of semisimple L(G) x {l}-conjugacy classes in 
L{G ) x {q} can be identified with the set E q A (T)/W. 

Conjugacy classes in the centrally extended group L k (G) can be described as 
follows. We are interested in the semisimple conjugacy classes in L k (G) q , i.e. con¬ 
jugacy classes which project to semisimple conjugacy classes under the natural pro¬ 
jection L k {G) q —> L{G) x {q}. The set L k {G) q is the total space of a fiber-bundle 
over L(G) x {q} with fiber C* and conjugation with an element of L(G) x {1} 
induces an automorphism of this bundle. So the set of semisimple L(G) x {1 }- 
orbits in L k (G) q will be the total space of a C*-bundle over the set of semisimple 
L{G) x {l}-orbits in L(G) q . Using equation ©, one can describe the bundle ex¬ 
plicitly. 

Let T q be the set of all elements in L k (G) q which project to an element of the 
form (£, q) with £ £ T. Asa complex manifold this set is isomorphic to T x C* x {q}. 

Proposition 3.4. The set of semisimple conjugacy classes in L k (G) q is given by 
the quotient T q /W, where ( w,f3 ) £ W = W x A(T) acts on T q as follows: 

(w,l)(£,u,q) = ( w(£),u,q ), 

(1,/?)(£, n,q) = (&-^uq- (fc/2) <^/3(£ fc ),g) - 

Here, /?(•) denotes the value of [3 as a character of T and f) and t)* are identified 
via the normalized invariant bilinear form on g. 

Remark 3.5. The quotient T q /A(T) described in Proposition 13.41 is the set of non¬ 
zero vectors in a holomorphic line bundle L k over the Abelian variety E q <S>z A(T). 
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The action of the finite Weyl group W on this variety induces an action of W on 

lA 

3.3. The non-simply connected case. If G is not simply connected, the set of 
semisimple conjugacy classes in the connected component L(G) C x {q} of L(G) xi C* 
can be described similarly to the simply connected case although the corresponding 
analysis is slightly more involved. Throughout this section let us assume that G is 
of the form G = G/Z, where G is simply connected and Z = (c) is a cyclic subgroup 
of the center of G. 

Recall the the definition of the element <j c = £ f 1 w c from section liPl The element 
(<t c , 1) £ L(G) xi C* acts on the torus T x C* C L(G) xi C* by conjugation. We 
denote by (T x C*) q c the connected component of the fixed point set (T x C*) 
which contains the identity element. 

Denote by L(G) C x {q} the connected component of L(G) x {q} containing the 
element (<r c ,q). The following lemma follows from the definition of semisimplicity 
and the classification of flat and unitary G-bundles of topological type c on the 
elliptic curve E q (0 Equation 2.5, IfMTI I. 

Lemma 3.6. Every semisimple element in L(G) C x {q} is conjugate under L(G) 
to an element of the form (ct c £, q) £ (<r c , 1 )(T x C*) 0 °. 

It remains to check, which elements of (cr c , 1)(T x C*)g° are conjugate in L(G) x 
C*. Obviously, it is enough, to consider conjugation with elements of L(G)o x C*, 
where L(G)q denotes the connected component of L(G) containing the identity. In 
particular, L(G)o consists of loops which are contractible. So we have to study the 
“twisted Weyl group” 

WA = AAg )o *c* {(ctc, 1 )(T x C%°) /(T x CX 

and its action on the set (cr c , 1) (T x C*)g 0 . First, note that if some (q, q) normalizes 
(<r c , 1)(T x then it normalizes (T x C*)q 0 . 

Lemma 3.7. If some element (q, q) £ L(G) x C* normalizes the torus (T x C*)q C , 
then it has to normalize the torus T x C* as well. 

Proof. Conjugation by an element (q, q) £ L(G) x C* induces an automorphism of 
the Lie algebra L(q) © CD of L(G) x C* which we will denote by g q . Consider the 
root space decomposition 

T(s) P oi © CD = (h © CD) © 0 L(o) a . 

aS A 

The automorphism a c acts on L(g)©CD leaving fj©CD invariant. We can choose an 
element X £ (f)©C D) ac such that a(X) ^ 0 for all a £ A. This choice of X insures 
that the condition [. X , Y] = 0 already implies Y £ \) ©CD. But for Y £ t) ©CD and 
q £ ^l(g)xiC *{T x C*)o c we have [X, g q {Y)] = 0 so that g q indeed leaves f) © CD 
invariant. Finally, we can use the exponential map exp : L(q) © CD —> L(G) x C* 
to go back to the group level. □ 

Let us denote by W the group 

W = N l{g)o „ c ,(TxC*)/(TxC*)- 

Then we have the following Lemma. 
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Lemma 3.8. The twisted Weyl group W„ c is isomorphic to the semidirect product 
W ac S W a ° k ((T x C*)/(T x C*)^) ac . 

of the a c -invariant part W a ° of W and the finite group ((T x C*)/(T x C*)g c ) <Tc . 
Proof. Lemma ET7I allows to define a map 

<P : W ac - W 

via 

( M )(rxCtH( M )(TxC*). 

It is easy to check that 

(a c , l)p ((g, q){T x C*)^) (a c , l)' 1 = <p q){T x C*)J») 
so that ip defines a map W ac —> W ac . The kernel of ip is given by 
ker(</>) = ((T x C*)/(T x CT'P ■ 

Finally, one can show that that the map tp : W ac —> W ac is surjective and that the 
exact sequence 

{1} —♦ ((T x C*)/(T x C *)q c Y c —+ W CTo W ac —♦ {1} 
splits (see e.g. m or m for the case of finite Weyl groups). □ 

It remains to describe the action of the groups W° a and ((T x C *)/(T x C*)q°)' t ° 
on (cr c ,l)(T x C*)q“. Note that conjugation by (cr c , 1) maps an element (£,q) G 
T x C* to (w c (t;)q- Xc ,q). Let us choose some h 0 G hR such that w c (h 0 ) = ho + A c . 
Then we can define a bijective map 

Tg a x C* -> (T x C*)o c 

via 

This shows that ((T x C *)/{T x C*)o c ) <T ° is in fact isomorphic to (T/T^ cS j Wc . Let 
T We = T/(id — w c )T denote the torus of co-invariants under w c . There is a natural 
projection T™ c —* T Wc whose kernel is isomorphic to (T/Tq c ) Wc . This projec¬ 
tion allows us to embed the co-character lattice A (T Wc ) of T Wc into t) Wc such that 
A (Tq c ) C A (T Wc ). The group ( T/Tq c ^ Wc acts on (a c , 1) (T x C*)q c via translations. 
The action of W CTc on ( a c , 1 )(T x C*)g c is described in the following lemma. 

Lemma 3.9. Suppose that a c is not the order n automorphism of the extended 
Dynkin diagram corresponding to A n _ i. Then the group W ac is isomorphic to a 
semidirect product 

W CT ‘ ^ W 0 x A (T Wc ). 

Here, Wo is a finite Weyl group acting irreducibly on \) Wc . The action of W CTc on 
(er c , 1)(T x C*)g c is given by 

{w, i) {(<TcA){£q ho ,q)) = (cr c , i){w(Oq ho ,q) 


and 


(l,/3) ((o- c , 1 )(€q h °,q)) =(cr c ,l)(£q 0 q h °,q). 
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Proof. Fix some g ^ 1 in C’ and view the tangent space of T x {< 7 } as an affine 
subspace of the tangent space f) © CD of T x C*. We can identify this space 
with f). Since the Weyl group W maps T x {< 7 } to itself, it acts on f) by affine 
transformations. It is a standard fact that W acts on f) by affine reflections, and 
its lattice of translations is given by A(T). Let a be a fundamental domain for 
the induced action of W on (j®. Then W is generated by the reflections in the 
walls of o. Now, <r c induces an affine map on [)r which maps the set of reflection 
hyperplanes of W to itself. Furthermore, we can choose a fundamental domain do 
which is mapped to itself by a c . So a 0 PI ^0. We claim that the action of W Gc 
on h^ c is generated by the set of reflections in the walls of a 0 fl t)jjb. Indeed, let be 
a wall of a 0 D (}r c which is the intersection of the walls hi, ■ ■ •, f) r of a 0 . Since each 
x £ hi (~l • ■ ■ fl hr is fixed under <r c , the map er c permutes the hyperplanes hi, • ■ ■, hr- 
Furthermore, since hi H ... H hr is supposed to be a wall of do fl (he. an affine 
subspace of t) Gc of codimension 1 ), we can assume the hi to consist of a single cr c - 
orbit. Let s* : f)R —> f}R denote the reflection in the affine hyperplane hi- Since a c 
is not the order n -automorphism of the extended Dynkin diagram corresponding 
to A n _ i, we have that either for all simple roots 5i £ II, the simple roots cti and 
<r c (ai) are non connected in the Dynkin diagram of A in which case Sj and s cr< ,(i) 
commute. Or the cr c -orbit through 5i consists of exactly two elements Si and S 2 
say, and (S 1 S 2) 3 = 1. In the first case, S 1 S 2 ■ ■ ■ s r commutes with cr c . Furthermore, 
the restriction of S 1 S 2 • • • s r leaves an affine hyperplane of h CTc invariant so that it 
acts as an affine reflection on h CTc - In the second case, we have to consider the 
element S 1 S 2 S 1 £ W which commutes with er c and acts as an affine reflection on 
h <Tc . Since do fl f)g c is a fundamental domain for the action of W Gc acting on h CTc , 
the subgroup of W Gc generated by the reflections in the walls of do fl generate 
the whole of W Gc . 

Finally, it is straight forward to check that the lattice of translations of the action 
of W Gc on t) a ° is given by the lattice 

ord(u;c) 

MT Wc ) = { T7—t E <(/?) I 0 € A(f)} . 

ord(u) c ) ^ 

□ 

Putting everything together, we get the analogue of Proposition Id.21 in the non- 
sirnply connected case. 

Proposition 3.10. Let G be of the form G = G/Z. Every semisimple element in 
L{G) C x {g} is conjugate to an element of the form (a c f;q h °, q), where f G Tq c and 
ho £ ()r is chosen such that w c (ho) = ho + X c . 

Two elements (cr c fiq h °,q) and {(J c f, 2 q ho ,q) are conjugate if and only if they are 
in the same orbit under the action of the group W Gc on (cr c , 1)(T x C*) CTc . 

Remark 3.11. Remember that we have identified (T/Tq c ^ Wc with a finite sub¬ 
group of Tq c . The quotient Tq c /(T/Tq c ) Wc is isomorphic to the torus T Wc of co¬ 
invariants. So analogously to Remark roi the set of semisimple conjugacy classes 
in L(G) C x {< 7 } can be identified with the quotient E q A (T Wc )/Wo- 

Finally, let us consider semisimple conjugacy classes in a central extension L k {G). 
Remember that L k {G) is given as a semidirect product L k (G ) = L k {G) x C* where 
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L k (G) denotes a level k central extension of L(G ) corresponding to some com¬ 
mutator map u, and C* is the ord(c)-fold covering of C*. Let L{G) C denote the 
connected component of the loop group L(G ) corresponding to the element c G Z 
and denote by L k (G) c the set of elements in L k {G) which project to an element 
in L(G) C . Furthermore, fix some q G C*. Since conjugation in L k {G) leaves the 
sets L k (G) x {§} invariant, we can consider the connected component L k (G) c x {5} 
which is also invariant under conjugation. The set of semisimple conjugacy classes 
in this component will be the total space of a C*-bundle over the space of semisim¬ 
ple conjugacy classes in L(G) C x {g}. For any element q G C*, let q £ C* denote 
the image of q under the natural projection C* —■> C*. Since q acts on L(G) via 
rotation by q, the set of semisimple conjugacy classes in L{G) C x {§} is isomorphic 
to the set of semisimple conjugacy classes in L(G) C x {g}. 

Recall from Lemma EHH and Remark Eh 1 1 1 that W ac = (Wo K A (T Wc )) x ( T/Tq c ), 
where A (T Wc ) is identified with a sublattice of f)g c . 

Let us denote by T q a the set of elements of L k {G) c x {q} which project to an 
element of the form (<r c ^q h °,q) with £ £ T™ c . As a complex manifold, this set is 
isomorphic to Tq c x C*. Using Lemma El.91 Remark EH and formula 0, we find 
the analogue of Proposition 13.41 in the non-simply connected case. 

Proposition 3.12. The set of semisimple L(G)-conjugacy classes in the connected 
component of L k (G) x {§} corresponding to c G Z is given by the quotient T™ c /W ac , 
where (w,£o,f)) G W„ c = (Wo x A (T Wc )) x ( T/Tq c ) acts as follows: 

i w > 1,1)(£, u ,q) = (w£,u,q), 

(l,/3,m,u,q)= (tq-^uq-WW'Vp^q) for p G A(T^) . 

and 

(1, U£o ){€,u,q) = (££ 0 ,u,q), 

Here, j3(-) denotes the value of P as a character ofT Wc and 1) and fj* are identified 
via the normalized invariant bilinear form on g. 

Remark 3.13. The quotient /A(T Wc ) described in Proposition 13.121 is the set 

of non-zero vectors in a line bundle L* over the Abelian variety E q A(T Wc ) 
introduced in Remark roi The action of the finite Weyl group Wo on this variety 
induces an action of Wo on L^ c . 

4. The differential equation for affine characters 

4.1. The characters as sections of a line bundle. Throughout this section, we 
shall assume that G is of the form G = G/Z, where Z = (c) is a cyclic subgroup 
of the center of G. The simply connected case follows from the calculations below 
by setting c = id. As before, let k be a multiple of the basic level of G, and 
let Xi,k denote the character of the L kb (G)-module Vq*,. Here, I is a <r c -orbit in 
P k . So the representation Vi t k restricted to the connected component L kb (G) o of 
L kb (G) containing the identity decomposes into a direct sum Vj,fc = ©Ae/Vx.fc °f 
irreducible highest weight representations of L kb (G) o- We have seen in the end of 
section |E1 that if I consist of more than one element, the character \i,k restricted 
to the connected component of L kb (G) corresponding to the element c vanishes. 
So the only interesting characters on this component are the ones coming from 
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representations Vi.k, where I consists of a single element A which is necessarily 
invariant under cr c . Let us denote the corresponding character by 

As before, let L k {G) c denote the connected component of L(G) containing the 
element a c , and let L kb (G) c be the connected component of L kb (G) which consists 
of elements which project to some g £ L(G) C . Fix some q £ C* and let q denote 
the image of q under the natural projection C* —> C*. Let us assume that \q\ < 1. 
Then the character Xx,k defines a holomorphic function on L kb (G ) x {q\. Since 
almost every element in L kb (G ) x {§} is semisimple, the function Xx,k is uniquely 
determined by its values on T™ c x {g}. As before, fix some h, 0 £ f) such that 
w c (ho ) = ho + A c . Remember that T q c x {q} was defined as the set of elements 
of L kb (G) c x {g} which project to an element of the form {(J c £,q h °,q) with £ £ Tq c 
under the natural projection L kb (G) x {q} —> L(G) x {q}. 

Finally, recall the identification l : C* —> L kb (G) of C* with the center of L kb (G). 
If g = (a c ^q h ° ,u, q) £ T q c , we can use the identity 

x\A a ^q h ° ,u,q) = u k x\,k( a ct,q h ° ,1,5) 

to get rid of the central variable. Thus, for fixed q , we can view the character X\,k 
as a section of the line bundle L^ e introduced in Remark rrrci We shall abuse 
notation slightly and denote this section by x \,fc as well. So locally, we can view 
XX,k as a function on (T x C*)p°. We will derive a differential equation for this 
function in section ED by varying the variable q. 

Let us change our notation slightly. For q £ C* with |g| < 1 fix r £ C with 
Jm(r) > 0 such that q = e 2mT . Let LcCbe the lattice generated by 1 and r. 
Then the elliptic curve E T = C/L is isomorphic to the curve E q considered in the 
last paragraph via the map x i—> e 2mx . This allows to identify the Abelian variety 
E q (g>z A (T Wc ) with t ) Wc / (A (T Wc ) © tA(T W c )). In this identification, we can view the 
character x\,k at some fixed q as a function ,\^ c fc (-;5) on fy Wc which has to satisfy 
the following identity: 

X\ c ,k( h + /3 + T/3';q) = exp(-2? nk(j3',v) - mkr^’ , P'))X\ c tk (h;q) 

for any [3,(3' £ A (T Wc ). From now on, we shall switch between the different view¬ 
points for the characters freely. 


4.2. The action of o c on the derivation D. Throughout this section, let k be 
a multiple of the basic level of G and let A £ P+ be a highest weight of g which is 
invariant under a c . So the er c -orbit I through A consists of a single element. 

Let hi ,..., hi be an orthonormal basis of f) and choose e a £ g^ and f a £ g_ a 
for each a £ A + such that the set {e a ,f a ,hj \ a £ A + and 1 < j < 1} is an 
orthonormal basis of g. We can make this choice in such a way that w c {e a ) = 
±e„ c ( a ) for all a £ A and similarly for the f a (see section Eil) . 


For a = a 

+ n6 £ Aljf 

let us define 




e a © z n 

if a £ A + , 

n > 0, 


\ 

f a ®z n 

if a £ A^ , 

n > 0. 

Similarly for 

a = a + nS £ A!} 6 , we 

set 



h = | 

f a ® 

if a £ A + 

, n > 0 


e a © z~ n 

if a £ A_ 

, n > 0. 


and 


and 
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We use the usual notation X ® z n = X^ for X t g. Then, using the explicit 
expression of the Kac-Casimir operator (jK], 12.8) on 14,fc, we can express D as an 
operator on the highest weight representation 14 ,k of L(g) via 

OO l l 

(5) 2{k + h w )D = c(X)Id-2 E fe e «~ 2 j 2 J 2 h< j n)h< j n) ~J 2 ( h rf- E h <*> 

5gA” n—1 j—1 j= 1 aeA + 


where c(A) = ||A + p\\ 2 — \\p\\ 2 and h w denotes the dual Coxeter number of g. 

In this section, we determine how the expression © for the derivation D behaves 
under the automorphism a c of L(g). Let ( A re +) ac be the set of er c -orbits in A™. 
Let ms, = | [5] | denote the cardinality of the ay-orbit through a. Let es be a ms -th 
root of unity. Then we set 

rria 

e 5 = 

3 =1 


and accordingly 

fs = E44(/a) ■ 

j =i 


Obviously, e~“ and /~ a lie in the e~ 1 -eigenspace of ay. Similarly, recall that ay acts 
linearly on the space b © CC. For h S b © CC and any ord(cr c )-th root of unity e 
we define 

ord(fTc) 

h e = eV cW- 

3=1 


Finally, we can decompose b = bo © ■ • • © bord(iu 0 )-i where bj denotes the 

e 2m ord(v c ) -eigenspace of the action of the Weyl group element w c acting on b- 
Furthermore, we can choose the basis hi, .. .hi of b such that it is adapted to this 
decomposition of b- That is, let hj t \, ... hjj . be an orthonormal basis of the space 
b j. Then the set {hj s | 0 < j < ord(w; c ) — 1,1 < s < lj} is an orthonormal basis of 

fl- 

Let us fix a representative a for each ay-orbit [a] in Af e . Furthermore, from 

2*7TZ ^ 

now on let us fix the roots of unity eg = e m 5 and e = e ord ( <r c) Using the 
expression from equation © for the derivation D and the fact that ay acts as an 
automorphism on the universal enveloping algebra of L( g), we can write 


(6) 


2(k + h^)° I ^ ) 


ord(oy) 


E °iiP) = 


3=1 


«- 2 ? TuU/. 


oo ord (w c ) lj 


e~ e~ 

e~ a — 

OL OL 


[5]e(A 


3 =1 


ord((j c 


E E E ' 2, '-'44 


ord(cr c ) lj ord(cr c ) 


E E E h f,s h j 7 - 


n= 1 j,r =1 s=l 

l 


j= 1 s =1 r= 1 


ord(oy) 


ord(crc) 

E E 

a£A + j—1 


ord (a c ) 2 
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4.3. The differential equation. We now derive a differential equation for the 
character x\ ,fc- 

Recall that <r c acts on fj. Fix some h £ l) Wc and some r £ C. Then the element 


Ho 


= h — t 


1 


ord(cr c ) 


ord(o-e) 

E a i(D) 


j =i 


is invariant under er c . But Ho contains a non-zero central term which comes from 
Y^j C =\ Tc ' > a c{D). Let C(D) denote this central term. Then 

H 0 = H 0 - C(D) £ \) Wc © CD, 


and Hq is invariant under the residual action of cr c on f) ® CD = fo/CC. Therefore 
we have 

e 2 *iHo = e 2nih q {-^ 5 T.T=^ c) °i( D )) q C(D) £ x C *yc 

where we have set q = e 2mT as usual. If Im(r) > 0, we have |g| < 1 so that 
the character xxA a c enlH °) converges. (Remember that we have identified the 
character x\,k with a section of the family of line bundle which we view locally 
as a function on (T x C*)q c .) 

We now want to calculate the derivative 


2{k + h w ) d 


XA,fc(o- c e 27 " ffo ). 


27ri dr' 

For simplicity, we will calculate ^ -§pX\,k(er c e 2m ^°) and disregard all central 

terms which come from the action of a c on the derivation D. Using equation ©, 
we can compute 


( 7 ) 


2(fc + /i v ) d 
2ni dr 


XxA*ce 2 ™ H °) = -Tr Vx , k (a c e 2 ” iH ° } £ A( D )) 


= -c(\)xx, k (<rce 2 ” iH °)+2 E - A \> 

~ rria 1 

[5]e(A^ e )°'c 

0 oo ord(nic) 

E E 

n= 1 j =1 
ord(<r c ) 

E c > 


ord((T c ) 

1 


ord(cr c 


E E 


where we have set 


with 


ord(cr c ) 2 ' ord(cr c ) . 

v l v aeA + j=1 


A[a] E 

i=i 


A^ j =Tr Vx k Ace 2 ‘ KiHo f~°‘ei ) 

for some fixed a £ [5]. It is clear that A[%\ does not depend on the choice of the 
representative a. Similarly, 

dim(f)j) ord(u! c ) 

B = V V e 2jr B - 


s—1 r—1 
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with 

R T V (rr ^TZiHQ l( — n ) u( n )\ 

£>n,j,s — 1 r V\ t k\ (J c e h s j h s j J , 

and 

lj ord(er c ) 


Cj = C h r :S 


s = 1 r= 1 

with 

Cj,a,r = Tr Vx k (a c e 2ni H°hf^hj-g). 

Finally, 

E a j =Tr VKk {a c e 2 ” i «°ai(h a )) . 


We can compute the summands of equation 0 more explicitly. Let us first note 
that since H 0 is invariant under cr c , we have a J c (a)(H 0 ) = a(H 0 ) for all j £ N, so 
that for any root 5 £ A, the value of Hq on the cr c -orbit through a is constant. 
Furthermore, for any real root a £ A re , we have chosen the eg and fa such that 
Pcie-a) = ± e 5 and similarly for . Let us define 


( 8 ) 


s(a) 


— 1 if <r c (a) = a and cr c (ea) = — ea 
1 in all other cases 


If s(a) = 1, we can calculate 

Aa J = Tr Vxk (a c e 2niHo f~ B ‘e ? ? ) 

= Tr VX ' k (ef* c e™”°f£) 

= ^v x , k {^ei e^fi) 

o 2 mH 0 J- 


_ — 2-Kia 


{Ho) Tr Vx , k (°ce 2mHa ey f^) 


= e ~j e -2nMH 0 ) Trv ^ ace 


2niHo 


( f~ a e~ 

a. a 


l e s ’/a 5 ]))- 

In the first step, we have used the cyclic property of the trace. In the second step 

e ~o 

we have used the fact, that e~ lies in the e~-eigenspace of the action of a c on 
L(g). The remaining steps are the standard commutation relations in L(g). The 
commutator in the last step can be computed as follows: 


■ /a s ] =H£ e 3 Jae a[ t7 c(ea)i<(/5 

s=l r —1 

771 5 , 

= 5Z (T c([ e 5,/5]), 


8=1 


since we have [cr^ea), cr^(/a)] = 0 whenever s ^ r. Indeed, by assumption, we have 
<t*(5) 7 ^ cr£(5) for s ^ r. Since a c acts as a diagram automorphism on the Dynkin 
diagram of the affine root system A, there exists a root basis IT of A which contains 
both cr®(5) and a r c { 5). Now, we can find some element w in the Weyl group of A 
such that w(lT) = II (|0, Proposition 5.9). So we have [a®(ea), cr£(/a)] = [ea 4 , /a ] 
for two simple roots oq ^ atj £ II. The last commutator has to vanish due to the 
Serre relations for L(g) po i (see [0, 1.2). 

If a = a + n6 with a £ A + , we have 


[^cn fa\ ha T TlC , 


20 


R. WENDT 


where h a £ b is the co-root of g corresponding to the root a £ A. Similarly, if 
a = a + n8 with a £ A_, one has 

fa\ — h a TlC . 

Let us write n(a) = n for a = a + nS and ha = h a if a £ A + and h„ = —h a if 
a £ A_. Then the calculations above give us 

A~ ■ = ezi e ~ 2 '* i ° L ^ o) (A~ ■ + 

rria 

Tr Vx,k e 2m ^° ^2 cr s c (ha) + X\,k(cr c e 2m ^°))kman{a )), 

or equivalently 
A~ = 

^ _ £—3 g—2iria(Ho) v ~ z—j *- v ” 

+ XA,fe(o- c e 27riff °)fcm 5 n(5)) 


8=1 


p -2iria(Ho) _ 

^ . 5 ,-j „-2 K> c e 2 " fl ^(7;(/ 1 a)) 


Summing over the j’ s, we can write 

0 — 2 Tximo L ot{Ho ) 


= 


m^e 


^ _ p — 2 irirriaCx(Ho) 


(TrvxA°c^ iHo Y,<( h ~«)) 

S= 1 

km\n{a)e~ 2 ' Kirns,a ^°' > 

Y _ g—27rimQ,a(ifo) 


XA >fc (a c e 2 " ff °)) . 


Since 


a c(ha) = ^2w S c {ha) + VaC 

3 = 1 S = 1 

for some y Q G C, we can finally write 


rn _ p -2-Kim Sl ot(H 0 ) ™a 1 

(9) ^lai = , “ -z—^n Y. 


d 


1 — e -27rim a 5(/r 0 ) J 27T7 dw^.(ha) 


XX A c 


2-rriHo 


) + 


fem~n(a)e 2mm o,o:(Ho) 

2 _ p —2nimaOi(Ho) 


XA,fc(a c e 2 " ffo )+F [3] C 


for some Yra € C which comes from the action of cr c on the derivation D. 

If s(5) = — 1, we necessarily have 771.5 = 1. A similar calculation as above gives 


(10) A [5] = 


_ g —27ria(.ffo) \ 


d 


1 9 -D sth x-XA,fc(o- c e ™ °)- 

1 + e ~ 2ma ( H o) 27rz ow^.(ha) 

kn(a)e- 2mo: (Ho) 


Xx >fc (a c e 2 "^)+y [5] C. 


]_ _|_ e —2-Kia(H 0 ) 

A similar calculation for the B r i t j, s gives 
B niJ> —Trv Xtk (cr c e 2viSo h j /- n) h j J n ^ 

=c -i e -2«ni(So) TrvrAifc ( ace 2 5 ri5o ( ^. a (-n) /l . ia (n) + ,("">])) . 



CHARACTER FORMULA 


21 


Using the fact that 6(Hq) = — r and [hj^ n \hj^ n ^] = nC, we get 


( 11 ) 


Bn,j,s — 


,S ? '^,3 

e^ J q n nkx\,k {a c e 2vt!io ) 


1 - e~->q n 

This shows that B n j iS in fact does not depend on s. So we get 

o rd(<r c ) — j n u / JI'kxHq \ 

(12) B n j - dim(l)j) V ^- 1 « " -) 

r=l ^ ^ 

This sum vanishes if ord(cr c ) /2j, otherwise we get 

e~ J q n nkx\,k(&ce 2m **°) 


(13) 


B nJ = ord(cr c ) dim(f)j)- 


1 - e~jq n 


Finally, since hj a is in the e r -eigenspace of the action of a c on ()©CC, a similar 
calculation gives 

Ci,,,r = Tr Vx k (a c e 2ni ^° hf s hj~g ) = e~ r C jtS , r . 

This shows that Cj iS)r = 0 unless e r = 1. Now, if j = 0, we have /ij = ord(a c )hj jS , 
so that we get 


(14) 


C 0 = J2Co,s,o = 


ord(q c ) s 

(2iri) 2 


Ai, 0 Xa ,k{(J c e 2mH °), 


where A h 0 denotes the Laplace operator on f) 0 . On the other hand, for j ^ 0, we 
have hj S = y s ,jC for some y s j 6 C so that we can drop these terms since they 
come from the action of a c on D. 

Since all roots a vanish on the center C of L(q), we have a(H 0 ) = a(H 0 ) for all 
5 € A. So putting the calculations above together, reordering the terms slightly, 
and keeping in mind that we have to disregard all central terms coming from the 
action of a c on the derivation £), we get 

(15) a_t = 


27T* d T 

where we have set 

*= E 

[3]€(A")«'c 

A 2= 

[5]e(A^)°-c 
oo ord(<r c ) 


( ~ c(A) +A 1 + A 2 + B + E— — -^At l0 )x\,k(o’ c e 27TlH °) 


s(a)2e~ 2nirn ° ,a< ' H A ^ 1 


1 — s(a)e 2 ™« a ( ,f o) 27 xi dw^.{ha) 


s(a)2krrian(a)e 


—27rirrio C oc(Ho) 


B =H E 2dim(f}j) 


1 - s(d)e~ 2nim 5«( ff o) 
e-iq n nk 


E = 


n=l j= 1 

1 


1 - e~iq n 


ord(cr c ) 


E E 

aeA + j= 1 


d 


°rd(o- c )„f^ jr[ 2tt idwi(h a ) 
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Equation CE3 is the desired differential equation for the characters. We will now 
simplify the equation. To do this, let us make some definitions. First, recall the 
element p = \ E«eA + a an< ^ se ^ 

1 ord(u) c ) 

Pw c = - 77 -C V Wc(p) ■ 

ord(tu c ) ^ 

Then we can define the function 

00 ord(i« c ) 

T Wc (H 0 ) =e 2nip ^ Ho) (l-s(5)e- 2 " maa(ffo) ) Y[ JJ (l-e"V) dim(6i) . 

[5]e(A^)^ n=1 t=i 

By the definition of Hq and invariance of S under a c , we have a{Ho) = cx(Hq) — rn 
for a = a + nS. Hence we get 

2m^ wAH()) = + 2k B ^ w ^ H()) ■ 

Now, T Wc is a section of the line bundle from remark 1 !. I -'ll so xa k^w c is a 

,, , v c ’ 

section of L* + . Therefore we get 


12 (k + h w ) d , r s 

(16) — 77777 Hz(XX,kJ~ Wc ) — 


f 
J 11. 


2i rz dr 


2(k + h v ) / dxx ,fc X\,k dT w< 

2iri V 9t T w „ dr 


1 


— ( — c (^) + A\ + E — — 2 -A/ 1 » c )xa, 
Next, we take care of the Laplacian. We use the formula 

^t) Wc (xx,kJ~ Wc') = (A[ju> c x\,k)3~ w c T 2(VXA,fei u, c ) + XA,fc( ^F Wc ). 

But we have 


1 dim(fjo) 

(17) — V^J = ^2 Pw c (h 0 ^ s )J r Wc h 0 . s + 

~ S= 1 

dim(fio) 


(18) 

(19) 


E E ms5(/io,s 


s(a)e 


—2nimaOi(Ho) 


[a]G(A5. e ) CT c 


(1 - s ( a ') e -2Trim a a{H 0 )'j 


• Fw c ho ,s 


— f w c h Pwc + y ( 


3 — 2tt im ^ a ( Hq ) 


s(a)e 

ms —-———— ~„ .. J- mr . h n 


[5]e(A7 e )< r c 


(1 — s(a)e~ 


HHo))' 


where we have used the notation from before for an orthogonal basis /io,s of ho = 
f)™ 0 . Since h 0 s £ h, we have a(h 0 s ) = a(/io,s) for a = a + nS. Now, since we have 

,. d 

(vxa ,k,h) = — XA,fe 


h pWc 2 ord(cr c ) 


ord (w c ) 

E E w ci h o) 


aGA+ j =1 


and 
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we get 

( 20 ) ^ 27 7i^ Xx ' k ' 2 = 2^ EXX,k ^ Wc + 2^ AlXX ’ k ^ Wc 

So putting everything together, we get 


1 / 2(fc + /i v ) d 

T Wr V 27ti dr 


(X\,kJ~w c ') T ^2 ^f)o (XAjfc-^Tuc) XA,fc — C (^)XA,A 


A direct calculation gives 


^2 — \Pw c \ Fu. 


so that we arrive at the final equation: 


Theorem 4.1. Let k be a multiple of the basic level of G, and let A G P k be a 
highest weight of G which is invariant under the action of a c . Then the character 
Xx,k of the representation V\ ^ restricted to the torus (cr c , 1 )(TxC*) q c has to satisfy 
the following differential equation: 


(21) it. + (2^F A '" " l ' , ” J2 ) X ’" A - = 

Remark 4.2. If we set <r c = id theorem !!. II gives a differential equation for the char¬ 
acters of highest weight representations of loop groups based on simply connected 
Lie groups. This case is treated in more generality in IKK! (see also lEFKp . where 
a differential equation for traces of intertwining maps between representations of 
loop groups is derived. Introducing the automorphism cr c , one can find a differen¬ 
tial equation for traces of intertwining maps between representations of loop groups 
based on non-simply connected Lie groups. 


Remark 4.3. We have only treated the case of automorphisms a c associated to the 
center of the simply connected Lie group G. The same calculations work if one 
replaces the automorphism a c by an arbitrary finite order automorphism a of the 
Lie algebra L{q) which comes from an automorphism of the Dynkin diagram of 

l(q). 


5. Character formulas 

5.1. Theta functions. The line bundle C k introduced in Remark 13.51 has been 
studied in I hoi . Here we give a brief account of the main results. As in the end 
of section ITTI fix some t G C with Jm(r) > 0 and let q = e 27rzT . Let L C C be 
the lattice generated by 1 and r. Then the elliptic curve E T = C/L is isomorphic 
to the curve E q considered in the last paragraph via the map x i—> e 2mx . Denote 
by T(L fe ) the space of holomorphic sections of L fc . Let r(L fc ) w , resp. T(L k )~ w 
denote the spaces of holomorphic IT-invariant, resp. IT-anti invariant sections of 
L fc . Looijenga’s theorem describes the set r(L fc ) _M/ explicitly in terms of theta 
functions. Since we also want to consider sections in the line bundles h k from 

U-'C 

Remark mu we start with some general statements. 

Let V be a finite dimensional Euclidean vector space and denote the bilinear form 
in V by ( , ). In what follows, we will freely identify V and V* via the bilinear 
form ( , ). Let M be some integer lattice in V. Let us denote by M* C V the dual 
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lattice corresponding to M. That is, M* = {A G V | (a, A) G Z for all a G M}. 
For fi G M* and /c G N, define the theta function on V ® C via 

= exp(~mT{n,fi}) ^2 exp( 27 ri/cr(( 7 , t~ 1 v) + ^(7,7))). 

7 zin+M 

This function converges absolutely on compact sets and satisfies the identity 

( 22 ) Qfj,,k( v + P + T P') = exp(-27 nk(/3', v) - mkr{P', (3'))Q^, k {v) 

for any (3,j3' G A(T). To emphasize the dependence of O^fc on r, we will write 

Q^,k( v 'i T )- 

Now suppose that G is a simply connected Lie group and take Vr = [)r endowed 
with the normalized Killing form ( , ). Since A(T) is an integer lattice with respect 
to ( , ), we can take M to be A (T). It is clear from equation (12211 that in this 
situation, the functions 0 ^,fc(-; r ) define holomorphic sections of the line bundle 
L k . 

We can define the anti-invariant theta functions 

AG^ = ^ 

w£W 

where W the Weyl group of G, and l(w) denotes the length of w in W. 

Let a C 1 )r be a fundamental alcove for the action of the affine Weyl group 
W = W x A(T). Then the following result is due to [La- 

Proposition 5.1. Let k be a positive integer. The anti-invariant theta functions 
AQfj,,k with p G A (T)* (~l ka form a basis in T(L k )~ w . 

Let h v denote the dual Coxeter number of the root system A of 0 . As usual, we 
set p = \ EqgA + where A + denotes the set of positive roots of A with respect 
to the Weyl chamber containing the fundamental alcove 0 . For a c = id and h G f), 
the function T = J~ u i which was defined in section roi can be written as 

OO 

F it i(h - tD) = exp(2ni(p, h)) P (1 - q n )) 1 (1 - exp(-27r i(a,h))) 

n =1 a£ A+ 

00 

n n ^ _ qn ex p (- 27ri («> z ))) ^ 

aGA n= 1 

where, as before, l denotes the rank of 0 . It is well known that T is a holomorphic, 
W anti-invariant section of L h (see C3). 

If G is of the form G = G/Z , where Z = (c) is a cyclic subgroup of the center of 
the simply connected group G, we have to consider the lattice A (T Wc ) C t) Wc . Let 
( , ) denote the normalized Killing form restricted to As before, let kb denote 
the basic level of G. A case by case check shows that A (T Wc ) is an integral lattice 
with respect to the bilinear form kb{ , )■ Denote by A(T Wc )t C (Ir 0 the dual lattice 
of A (T Wc ) with respect to the bilinear form kb( , ). Then, for p G A {T Wc )* kb and k 
a multiple of kb, the theta function ©^fc is a section of the line bundle L^ c which 
was defined in Remark ld.ldl As before, we define the anti-invariant theta functions 

AoQ^k = J2 (-F ( ”’ )e W> 

wEWq 
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where Wo is the finite Weyl group introduced in Proposition 003 and l(w) denotes 
the length of w in Wo- Let a„, c C be a fundamental alcove for the action of the 
affine Weyl group W ac = W 0 K A (T Wc ). Then we have (see jK], Chapter 13): 

Proposition 5.2. Let k be a multiple of the basic level kb of G. The anti-invariant 
theta functions AqQ^A with p G A(T Wc )£ b H ka Wc form a basis in r(£^ c ) _w °. 


Finally, the following proposition is straight forward to check. 

Proposition 5.3. The function J~ Wc defines a Wo-anti-invariant holomorphic sec¬ 
tion of the line bundle L^ . 

5.2. The Kac-Weyl character formula. Throughout this section let G be simply 
connected. Let X\,k denote the character of the L(G)-module V\,fc of highest weight 
A and level k. The goal of this section is to find an explicit formula for the character 
X\,k viewed as a section of the family of line bundles L fc as described in Section 101 
Since T = J~id is a W-anti-invariant section of L h , the product x\,kF defines a 
W-anti-invariant section of the bundle lf k+h \ By Proposition (15.111 . we can write 
this product uniquely as 

(23) Xa , k {h;T)F(h;T) = ^ f^AQ^k+h^ {h; t) . 

AtGA(T)*n(fc+ft v )a 

We can naturally identify the lattice A(T)*, with the weight lattice P of g. So the 
sum in equation m ranges over P n (k + h v )a. 

Now we let r vary in the upper half plane. In the situation at hand, the differ¬ 
ential equation from theorem rm reads 

(24) (-SLtAlA + ^L_A, - (p,pj) (XxAh,rmh,r)) = 

(A, A + 2p)x\,k{h, r)P(h, r), 

where Af, is the Laplacian on f). 

Substituting equation (El into differential equation m and keeping in mind 
that the AO^^k are linearly independent, we find 

( 977-7 7- \ 

^-j-^yy((A + p,A + p) - , 

where is a constant depending only on p. So we get 


(26) x\,k(h,T)P(h,T) = 

^2 exp 

fiGPn(k-\-h v )a 


27TZT 


2 (k + h v ) 


((A + p, A + p) - (p, p}) ) AO^x+hv (h; t). 


By definition of Xx,k> we can write 
(27) x\,k(h,T)= dimP Aifc [/i] • exp(27rj(/i, ft,)), 

p.eP(\,k ) 

where P{ A, k) C (f) © C C ® CD)* denotes the set of weights of 14,fc, and for jl G 
P(A, ft), the space 14,fc[/7] denotes the corresponding weight space. Since 14,fc is 
a highest weight module of highest weight (A, fc,0), we know that for all weights 
jl G P{ A, fc), the difference (A, fc, 0) — pi has to be a sum of positive roots of P(g). 
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For any mu E P, let us set 


/i = ( /x, /c + /i v 


I|a + HI 2 HIp 

2(fc + /i v ) 


It follows from equation G3 that, whenever 7^ 0 in equation then (A+p, £;+ 
/i v ,0) — p has to be a sum of positive roots of L(g). Furthermore, we have ||p|| 2 = 
||(A + p, k + /i v ,0)|| 2 and (a, p) > 0 for all a 6 II. Together, these observations 
imply that p = (A + p, fc + /i v , 0) (see e.g. ESI, Lemma 14.4.7). 

Putting everything together, we have proved the following theorem. 


Theorem 5.4 (Kac-Weyl character formula). The character xx,k of the integrable 
highest weight module V > k & of highest weight A and level k at the point (h, r) £ f)xH, 
where H denotes the upper half plane in C, is given by 


X\,k(h\T) 


AQ\ +Ptk +h^{h, t) 

F{h,r) 


5.3. Characters for non-connected loop groups. In this section we want to 
derive an analogue of the Kac-Weyl character formula in the case that G not simply 
connected. As always, let G = G/Z where Z = (c) is a cyclic subgroup of the center 
of the simply connected Lie group G. Let i be a multiple of the basic level of G, 
and let A £ be invariant under the action of a c on Pf_. Let \\,k denote character 
of the L kb (G )~module V\ i / c . One checks directly, that under the action of a c on 
V\ t k, the weight space V\.k[h] is mapped to V\ t k[<y c (jj)]- Recall the definition of H 0 
from the beginning of section ITTil By definition of the character X\°k ( see section 
rm , we can write 


(28) xl: k (Ho)= E Tr Mv x , kl h]^ i{ ^ Ho) ■ 

;seP(A,fe) 

Cc (J2)=7t 

On the other hand, Wg-anti-invariance of and the differential equation from 
Theorem 14.II together with Proposition 15.21 imply that we can write 

(29) xl: k (Ho)F w AHo) = E aJ^AoQ^k+hv 

neA(T mc )* kb n(k+h'')a Wc 


where a p is a constant depending only on p, and 


fn = exp 


2nir 


2 (fc + /i v ) 


((A + p Wc , A + p Wc ) — (p, p)) ) . 


Let us set 


p = p,k + h v , 


v ||A + p„ 


2{k + h w ) 

Similar to the simply connected case, it follows from equations (ESI and EH that 
whenever 7^ 0 in equation 12911 . then (A + p Wc , k + h v , 0) — p has to be a er c - 
invariant sum of positive roots of L(q). Furthermore, we have 

II(A + p Wc , k + h v ,0)\\ 2 = \\p\\ 2 


and (a, p) > 0 for all a £ EL As in the simply connected case, these observations 
imply A + p Wc = p. So we have proved the following theorem. 
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Theorem 5.5. The character x\,k °f the integrable highest weight module V\of 
highest weight A and level k at the point ( <7 c Hq) is given by 




Alo©A+p„ c ,k+h v (Ho) 

Fw e (Ho) 


5.4. The root system A CTo . Finally, let us take a closer look at the denominator 
fw c (Ho) appearing in Theorem 15.51 We have to distinguish two cases. First, let us 
suppose that for any simple root a G II, the roots a and a c (a ) are not connected 
in the Dynkin diagram of A. In this case, one can easily show that cr c (es) = e CTe ( 2 ), 
so that s(a) = 1 for all real roots a G A re . For any root a G A let us denote by 
5 CTc its restriction to the subspace f) <Tc C 1). Then the set 

{m s a ac | a G A re } 

is the set of real roots of an affine root system which we will denote by A CTc . 

Now suppose that there exists some a G A such that a ^ cr c (5) are not orthog¬ 
onal. Since we have excluded the case that a c is the order n + 1 automorphism of 
the extended Dynkin diagram of A n , we can assume that cr 2 (a) = a. In this case, 
one can show that 

o- c (e 5 ) = -l ht(Q ° + 1 e CTc(5) , 

where ht(5) denotes the height of the root a with respect to the basis II (see 
e.g.E, 7.10.1 for the case of finite root systems). Looking at the ecplicit form of 
the automorphism cr c , we see that if there exists a simple root a such that a ^ cr c (5) 
are not orthogonal, then we have a ^ cr c (a) for all simple roots of A. Therefore, if 
cr c (5) = a, then there exists some (3 G A with cr c (/3) ^ (3 and f3 + a c {(3) = a. Hence, 
in this case ht(5) is necessarily even so that s(5) = — 1 whenever cr c (a) = a. As 
above, the set 


{maCXa c | a G A, cr c (a) ^ a , and a and a c (a) are orthogonal} U 

{277135^ | a G A, a c (a ) ^ a, and a and a c (a ) are not orthogonal} 

is the set of real roots of an affine root system which we also denote by A CTc . In 
both cases, the smallest positive imaginary root of A ac is given by S ac = ord(cr c )<5, 
where S denotes the smallest positive imaginary root of A. We will list the types 
of A CTc in the end of this paper. 

Now, using (1 + s)(l — x) = (1 — x 2 ), we can write 

H (1 - s( a) e - 2nim ^ Ho '>) = ( X - e~ 2 ™ {Ho) ) 

[5]e(A")»c 5e2W + 

From this, we see that up to the factor 

nr=in-=i (u,c) (i-^9”) dim( ^ ) 

^ord((T c )n^mult(n(5 <Tc ) 5 

the function T Wc can be identified with the Kac-Weyl denominator corresponding to 
the affine root system A CTc . Similarly, the group W ac = Wq x A (T Wc ) is isomorphic 
to the Weyl group of the root system A fTc . So the character \\,k closely resem¬ 
bles a character of an irreducible highest weight module of an affine Lie algebra 
corresponding to the root system A J( . 
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Remark 5.6. Since we are mainly interested in the case of loop groups based on 
connected but not necessarily simply connected Lie groups G, we restricted our 
attention to automorphisms a c of the extended Dynkin diagram of A which are 
associated to elements of the center of the universal cover G of G. The arguments 
in this section can be extended to the case of characters of loop groups based on 
non connected Lie groups. In this case, one has to consider the full automorphism 
group of the extended Dynkin diagram of A. 

Remark 5.7. If A is the root system of an affine Lie algebra L(g), and a is an 
automorphism of the Dynkin diagram of A then the affine Lie algebra corresponding 
to the root system A^ is often called the orbit Lie algebra corresponding to L(g) 
and er. The appearance of the root system A CT was also realized in IFTTRI ESI, 
where for an outer automorphism er of a (generalized) Kac-Moody Lie algebra g, 
the cr-twisted characters of highest weight representations are calculated. It turns 
out that these twisted characters can be identified with untwisted characters of the 
orbit Lie algebra corresponding to g and er. 

6. Appendix: Some data on affine root systems and their 

AUTOMORPHISMS 

The following table lists some data corresponding to the non-simply connected 
Lie groups. The basic levels of non-simply connected Lie groups have been calcu¬ 
lated in See also jFSSj for a list of the root systems A a for general automor¬ 
phisms er of the Dynkin diagram of A. The notation for affine root systems in the 
table below is the same as in iKl . 


G 

<c> 

G = G/(c) 

k b 

A 


SL„ n > 2 

Z r 


smallest k with 

^iifcez 

A (1) 

^n -1 

A n/r-l if r ± n 

0 if r = n 

Spin 2 „+i n > 2 

Wj2 

S 02 n +1 

1 

0 ( 1 ) 

k>n 

a {2) 

^2(71-1) 

Sp4n n> 1 

Z 2 


1 

p(l) 

^2 n 

4 (2) 

/i 2 n 

Sp 4 n +2 n> 1 

Z 2 


2 

p(l) 

^ 2 n+l 

p(l) 

'-'n 

Spin 4 n n > 2 

A 

S04n 

1 

D^ 1 ) 

U 2n 

p(l) 

^ 2 n -2 

Spin 4 n n > 2 

z± 


1 if n even 

2 if n odd 

d( x ) 

u 2n 

r(R 

h>n 

Spin4 n+ 2 n > 2 

z 2 

S04 n p2 

1 

D^ 1 ) 

■^271+1 

0 

to ^ 
S ^ 

1 

Spin 4 n |2 n > 2 


PS0 4 n+2 

4 

D { L + 1 

p(l) 

E 6 

Z 3 


3 

E^ 

g 2 1} 

e 7 

z 2 


2 

E^ 

Fi 1} 
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